Lecture 14: Runge-Kutta Methos Ordinary Differential Equation

* Sometimes referred to as a rate equation.

* When the function involves one independent variable,
the equation is called an ordinary differential equation (or

 Differential equations are also classified as to their order:
First order, second order, ...

* Higher-order equations can be reduced to a system of
first-order equations.

Methods for Solving ODEs ODEs and Engineering Practic&

* ODEs are usually solved with analytical integration

R Law Mathematical Expression Variables and Parameters
techniques. ,
Newton's second law av_F Velocity [v), force (F), and
* However, exact solutions for many ODEs of practical of moer . ress
H H Fourier's heat law qg= —K = Heat flux {g), thermal conductivity 1K)
importance are not available. P and tempaniure 1)
e Numerical methods are required_ Fick's law of diffusion J=- G—:C Mass flux (J), diffusion coefficient (D),
ax and concentration (c]
Faraday's law AV = [g:f Voltage drop (A V), inductance (1),
[voltage drop across O‘ and current |i)
an inductor)




ODEs and Engineering Practic§ One-step Method for solving OD

d
F=ma Physical law Y_ fix, y)
dx
y
New value = old value + slope x step size
dv_g ¢ Yir1 = Yi + ¢h
& g o v ODE i+ i
Analytical Numerical One-step method Yie1 =yt oh
Slope = ¢
v :%’P(l - &) Vi =v+(g- %V,.)AI Solution | \
Xy Xiv 1 X
U
Step size = h

Runge-Kutta methods Euler’s Method

* One-step methods - Slope estimation differs * The first derivative provides a ¥
direct estimate of the slope at
* Euler’s method - a one step method X;.
— The slope at the beginning of the interval is taken as an
approximation of the average slope over the whole interval. ‘% = fix,y) =) ¢= flx. )

/ & 141 x

Yir1 = yi + Rxi, yi)h Eulers (or the Euler-Cauchy or the point-slope) method.



Example 1 Example 1

Problem Statement.  Use Euler’s method to numerically integrate Eq. (PT7.13): The true solution at x = 0.5 is
¥ =—0.5(0.5"* + 4(0.5)* — 10(0.5) + 8.5(0.5) + 1 = 3.21875

Thus, the error is

d
Ey = —2x% + 1222 — 20x 4+ 8.5

from x = 0 to x= 4 with a step size of 0.5. The initial condition at x= 0 is y= 1. Recall E, = true — approximate = 3.21875 — 5.25 = —2.03125
that the exact solution is given by Eq. (PT7.16):

y=—05x" 4 4x° — 10x% + 85x+ 1 g = —63.1%
1) = y(0.5 0.5,5.25)0.5
Yir1 = Vi + fxi, yi)h yL i’(rH‘f( J,.g ) ) ) 2nd
:2_;;;[72(0.3) + 12(0.5)* — 20(0.5) + 8.5]0.5 Step
= 0.

¥(0.5) = y(0) + A0, 1)0.5 A0, 1) = —2(0)% 4+ 12(0)% — 20(0) 4+ 8.5 = 8.5

#(0.5) = 1.0+ 8.5(0.5) = 5.25

Example 1: Comparison of true a
approximate values

Example 1: Comparison of true a
approximate values

Percent Relative Error
x Yirve YEuler Global Local
0.0 1.00000 1.00000
0.5 3.21875 5.25000 -63.1 —63.1
1.0 3.00000 5.87500 -05.8 —28.0
1.5 2.21875 5.12500 131.0 —1.41
20 2.00000 4.50000 —-125.0 20.5
2.5 2.71875 4.75000 747 17.3
3.0 4.00000 5.87500 46.9 4.0
3.5 471875 7.12500 -51.0 -11.3
4.0 3.00000 7.00000 -133.3 -53.0 True solution
0 | |
0 2 4 x




Error Analysis for Euler’s Method Truncation Errors

* The numerical solution of ODEs involves two types of Y= fix,y)
error.:
— Truncation, or discretization errors _ o Vi n o
Yit1 —yf+y,-b+§b +~-+7h + R,

— Round-off errors
FrE) e

* The truncation errors are composed of two parts:

n = 1
— Local truncation error that results from an application of the @+ 1!
method in question over a single step. , —1)
. L xi, 3i) 12 £ i i) a1
— Propagated truncation error that results from the approximations Yiel = yi b L, y)h b ——= =l b ————h" + O™

produced during the previous steps.
— The sum of the two is the total, or global truncation, error.

Euler’s method corresponds

to the Taylor series Example 2
(x5 1) .
Vil = yi+ M0, yi)h By = o e OO (25.7)
Fxi 3) 5 Fo D, v . Problem Statement.  Use Euler’s method to numerically integrate Eq. (PT7.13):
i1 =Yi+ fx, y)h+ ———h"+... + ——— 2 h" + O™
Yis1 = yi + flxi, yi)h + T + o "+ ) dy D 12 st 8
—_ = X X - X o)
dx
) from x = 0 to x = 4 with a step size of 0.5. The initial condition at x =0 is y = 1. Recall
E = Filxi, J’r')bz 4o OUTY E, = the true local truncation error. that the exact solution is given by Eq. (PT7.16):
2!
y=—05x" +4x° — 10x> +8.5x + 1
E, — f/(Xh}’f)hz E,, = the approximate local truncation error. Problem Statement. Use Eq. (25.7) to estimate the error of the first step of Exam-
2! ple 25.1. Also use it to determine the error due to each higher-order term of the Taylor

series expansion.

E, = O



Example 2

Local and Global Truncation Errdy

* Global: O(h) (Carnahan et al.1969)

— The error can be reduced by decreasing the step size.
— The method will provide error-free predictions if the underlying

E1
Flx;, v -
E = (1’; )’)bz Foet O{an) (25.7)
s o Py o .5 * Local: O(h?)
Xiy Vi) 9 Xi, Vi) 3 Xiy Vi) 4
E = o A+ A o+ T h
I3, yi) = —6x" 4 24x — 20 3 = —12x + 24 « Observations:
O (x;, ) = —12
—6(0.0)2 0) — —12(0.0) +24 function is linear.
E,= 6(0.0)? 4 24(0.0) 20(0_5)2 — 95 Es= T)(U_b)s — 05

2

e Euler's method

E =FE+Eg+ Ey—=—25+05—0.03125=—2.03125

—12
_ [ L r
Eoq= ETe (0.5) 0.03125

Ei2> E3> FEyq

uses straight-line segments to

approximate the solution - a first-order method.

Example 3

d
Ey = 23+ 12x% —20x + 8.5

that the exact solution is given by Eq. (PT7.16):

y=—05x"+4x° — 1057 +8.5x + 1

Problem Statement.  Use Euler’s method to numerically integrate Eq. (PT7.13): ¥

from x = 0 to x= 4 with a step size of 0.5. The initial condition at x =0 is y = 1. Recall

Problem Statement. Repeat the computation of Example 25.1 but use a step size of

0.25.
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Example 3

True solution
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Some useful conclusions

* The error can be reduced by decreasing the step size.

* The method will provide error-free predictions if the
underlying function is linear.

¢ For an nth-order method, the local truncation error will be
O(h™1) and the global error O(h").

Heun’s Method

* Determine two derivatives—one at the initial point and another at the end

point.
* Average them to obtain an improved estimate of the slope for the entire
interval. )
* Slope = fx,. 1. ¥5. 1) >—

Slope =
flx, ¥)

I
I
I
I
I
1
x,

Improvements of Euler’s Method}

A fundamental source of error: the derivative at the

beginning of the interval is assumed to apply across the
entire interval.

* Two simple modifications are available.

Heun’s Method

vi = f(xi, y)

yPH =y+ f(XJ"_YJ")b An intermediate

prediction

Vi1 = f(xis1,5%,) An estimated slope—

Predictor equation

Slope = flx,, 1, 7. )

Slope =
flx, )

Roi, ) + (i1, ¥y1)

2

j/l:}é+}r;+| —

2

A, y7) + F(xig1. 7))

Yirl = Vi +

h

Heun method is a predictor-
corrector approach.

Corrector equation



Heun’s Method in Iterative Fashi Example 4

0.8x

fx;, vi) + flxic1, v, X .
Yitl = Vi a4 2( s ﬁ“'l)h Problem Statement.  Use Heun's method to integrate y' = 4e
x = 4 with a step size of 1. The initial condition at x = 0 is y = 2.

— 0.5y fromx=0to

. . . . 4 0.8x —0.5x —0.5x i i
Termination criterion: y=qa@ e f2e Analytical solution

v =4"—05(2) =3

. 1
,V,-}+1 _ yij+1

100%

|£a| =

A=2431=5

i+1

= f(x1, 1)) = 4"¥D —0.5(5) = 6.402164

 346.402164
- 2 = 4701082 ’yl — 24+ 4.701082(1) :6.701082‘

Example 4: Iteration Example 4: Iteration

f(xi, 1) + f(X,-.,.], }/?H)

Y1 =yi+ 2 h Iterations of Heun’s Method
1 15
[3+ 46%8D) — 0.5(6.701082)] x Yirue ¥ Heun lerl (%) Ytieun lesl (%)
— — [~
n=z+ 2 1=6.275811 0 20000000 2.0000000 0.00 2.0000000 0.00
1 6.1946314 6.7010819 8.18 6.3608555 268
. 2 14.8439219 16.3197819 .94 15.3022367 3.00
[3 + 4e"5D — 0.5(6.275811)] 3 336771718 37.1992489 10.46 347432761 317
n==2+ 5 1 =6.382129 4 75.3389626 83.3377674 10.62 77.7350962 3.18




* For cases such as polynomials, where the ODE is solely
a function of the independent variable, the predictor step
is not required and the corrector is applied only once for

each iteration.

Heun’s Method

Yiel = Vi +

fx;) + f(Xi+1)[
—— ——h

The Midpoint Method

* Alternatively known as Improved Polygon or modified

Euler.

* It uses Euler's method to predict a value of y at the
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midpoint of the interval.

h
Yit172 = Vi + f(X;" }’;)E

‘ Visip = f(Xi+l,r2-}’i+1/2)‘

¥ Slope = flx;, 2. ¥4 )

|

I

|

|

|

L I
/ X X
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Comparison with Trapezoidal R

(x)

£(b)

Yirl =Y + —ﬂm +2 R'XHI)}I
f(a)
[=(b_a)f(a)+ £b) (@)
7
i/ a
Local truncation error: |z, = —%}F
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The Midpoint Method

* This slope is assumed to represent a valid approximation

of the average slope for the entire interval.

,
Yisipp = fxivyz, yis1y2)

Y1 Slope = flx, 5 ¥4 1)

Yirl = yi + fxip1p2, yiv12)h

It cannot be applied

iteratively to improve the solution.
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Linked to Newton-Cotes
integration formulas

Runge-Kutta Methods

fb fx) dx = (b— a) fixy) * Runge-Kutta (RK) methods achieve the accuracy of a
? Taylor series approach without requiring the calculation

* The midpoint method is superior to Euler's method of higher derivatives.

because it utilizes a slope estimate at the midpoint of the
prediction interval.

Yirl = ¥i + (x5, yi, WA

where ¢(x;, y;, A) is called an increment function

* The local and global errors of the midpoint method are * The increment function can be written in general form as
O(h?®) and O(h?), respectively. 9

¢ =aky+ ayky + -+ + ank,

Runge-Kutta Methods

Runge-Kutta Methods

¢ =atki+ak+-+ak « Various types of Runge-Kutta methods can be devised

by employing different n’s.
k= fix;, yi)

by = fixi + pih, vi + qukih) * n =1, first-order RK method (Euler's method).
ks = flx; + pohh, yi + qukih + g2k h)

ko = fx;i + poih, i + qua1kth + g1 2koh 4+ -+ g1 -1k 1)

‘Notice that the k's are recurrence 1'elationships.‘




Second-Order Runge-Kutta Methd; Second-Order Runge-Kutta Methog¢

Yirl = Yi + ¢ (xi, yi, hh

Yir1 =¥ + (arky + azka) b

k= flx; yi)
+ (arky + agho) ky = fx; + prh, y: + qukih)
Yi+l = Vi Aapn akz )n

(% i) 1o nd i
= L V)h+ ——=h 2" order Taylor series
ki = fixi, yi) Yisr =Yi + fxp y)h+ 7 y
kp = fix; + prh, yi + qukih)
afx, fx, y) d
flx 30 = % + %Fy
aj+a =1 X ¥ lx
1 . af  af dy\ h?
ap =z How to obtain Vit = v+ T b+ | = LD
2 . dx  dydx) 2!
1 these equations? -
aqgi = 3
S Vier = yi + (ki + acko)h Y GLL. A Vs
Sz ntah Tkl = e =gt et 2t oy o

sieasorss TN
Second-Order Runge-Kutta Methg

Second-Order Runge-Kutta Methg

* We first use a Taylor series to expand

ar
Yirl = yi + athfix. y;) + aahfixi, yi) + azpu'rza

k; = flx; + g, y;+q'|1/\'1h}‘

af
+ azquhz flx;, )r',}a— + OUJ})
Y

R
9, 9,
glx+ry+s) =g(x.y}+r—af+5—,g+---

Y1 = yi + a1 Axi, 33) + ap fxg, yi)lh
dy

af ar
+ [az P+ aqu fix, y,-)@] B+ o) Compare
ar i
fx; + pih, yi + qukih) = fix;, yi) + prh— Ilke terms
dx o R )h+(8f+afdy)hz
, i1 = yi + f(x =te—= |5
+qukib + ) Yt =7 J ax | Oy dx )20
I
P
Yirl = ¥ + (ark) +azka)h k= fix, 3) ajt+a =1
1 a=1—a
ar “pr =7z
Yir1 = yi T athfix, y;) + ahflx, y) +az p n— 1
dx 1 PL=qu =5
; af azqn = =
+ axquh* Ax, y;)a— + k) 2
y



Heun Method with a Single Corre
(a, = 1/2)

a=1—a

‘al = 1/2 an(lp1= qi = 1‘

1
PL=qu =5
2

Vil = yi + (arki + azk) h ‘

k= fix;, y;)

1 1
Yitl = Yi + (—kl + —kz)b
ky = fix; + h, y; + kih)

2 2

* k, is the slope at the beginning of the interval and k, is
the slope at the end of the interval.

The Midpoint Method (a, = 1).

aa=0p=qgu=1/2

yisl = i + (@k + ako)h |

Yi+l = yi + k2h

k= fix. y;)

1 1
k= f(x,» + Eh._yj’ + Ek]h)

Heun’s method: A Second ord
method

k= fix;, y;)
ky = fix; + h, y; + kih)

1 1
il = Vi ki + =k |k
Yixl y+(21+22)

* Prove that Heun’s method is a second order method.

* Hints:

— Alternatively, prove the truncation error for Heun’s method is
O(h3).

— Write the expression for E,

— E; = Heun’s formula — Exact solution

— E;=Heun’s formula - y(x;+h)

— Expand K, up to O(h?) and y(x/+h) up to O(h®) using Taylor's
expansion.

Ralston’s Method (a, = 2/3)

* Ralston (1962) and Ralston and Rabinowitz (1978)
determined that choosing a, = 2/3 provides a minimum
bound on the truncation error for the second-order RK
algorithms.

ap=1/3 and py = qy = 3/4

1 2
il = Vi —ki + =k |h
Yitl y+(31+32)
k= fixi, yi)

3 3
1\'2 = f(X,» + E}I.y,» + Z}\].h)



Example 5

Problem Siatemeni. Use the midpoint method [Eq. (25.37)] and Ralston’s method
[Eq. (25.38)] to numerically integrate Eq. (PT7.13)
fx,y) = —2x° + 1222 — 20x + 8.5

from x= 0 to x = 4 using a step size of 0.5. The initial condition at x= 0 is y= 1. Com-
pare the results with the values obtained using another second-order RK algorithm, that is,
the Heun method without corrector iteration (Table 25.3).

Yitl =Yi+ kh (25.37)
1 2
Yitl =¥ + 51«1 F §k2 h (25.38)
k= fx;. )

Midpoint method:

1 1
k= f(x,» + Eh.y,» + Equ})

Example 5

Midpoint method:
Visl = i+ ke (25.37)

k= fx;, 33)

1 1
IQ = f(X,' + Ef].yi + Ekl}])

k= —2(0)* + 12(0)> — 20(0) + 8.5 = 8.5

o = —2(0.25)° 4+ 12(0.25)> — 20(0.25) + 8.5 = 4.21875

‘y(U.S) =1+44.21875(0.5) = 3.109375 & =3.4%

Example 5

¢ Ralston’s method

1 2
Yirl = yi + (gh - gkz)b (25.38)

ki = flxi, yi)
3 3
k= f(x,— + Zh.y,— + Eklb)

ky = —2(0.375)3 + 12(0.375)% — 20(0.375) + 8.5 = 2.58203125

¢ = %(8.5) + §(2.58203125) = 4.5546875

‘y(O.S) = 1+ 4.5546875(0.5) = 3.27734375 g = —1.82%

Example 5
Second-Order
Heun Midpoint Ralston RK
x Ytrue y leel (%) V4 lesl (%) Yy leel (%)
00 1.00000 1.00000 0 1.00000 ¢] 1.00000 0
0.5 3.21875 3.43750 6.8 3.109375 3.4 3.277344 1.8
1.0 3.00000 3.37500 12.5 2.81250 6.3 3.101563 34
1.5 2.21875 2.68750 21.1 1.984375 10.6 2.347656 58
20 2.00000 2.50000 250 1.75 12.5 2.140625 7.0
2.5 271875 3.18750 17.2 2.484375 8.6 2.855469 5.0
3.0 4.00000 4.37500 Q4 3.81250 4.7 4.117188 2.9
3.5 4.71875 4.93750 4.6 4.600375 2.3 4.800781 1.7
40 3.00000 3.00000 0 3 ] 3.031250 1.0




Example 5

= Analytical
Y} o=@ Euler
=@ Heun
®—® Midpoint
A Ralston
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